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Dirac Fields

Kinematics and Dynamics

Let SM ≡ SM [C4, π,M ] and S∗M ≡ S∗M [(C4)∗, π,M ] be the spinor and cospinor bundles over a
spacetime (M, g). We introduce bundle isomorphisms on the kinematic configurations :

A : Γ∞(SM) → Γ∞(S∗M), ψ 7→ Aψ := (ψ)Tγ0

and a Lorentz invariant pairing 〈 | 〉: Γ∞c (S∗M)× Γ∞(SM)→ R

〈f | ψ〉 .=
ˆ
M
f (ψ) dµg.

The dynamics is ruled by the Dirac operator on SM and its dual on S∗M :

Dψm
.
= (iγµ∇µ −m)ψm = 0, D∗φm = (−iγµ∇µ −m)φm = 0.

We call causal propagators E(∗) : Γ∞c (S(∗)M)→ Γ∞sc (S(∗)M)

D(∗) ◦ E(∗) = 0 = E(∗) ◦ D(∗)|Γ∞c (S(∗)M)

supp(E(∗)(f )) ⊆ J±(supp(f )), ∀f ∈ Γ∞c (S(∗)M)

that characterise the dynamical configurations

Sol(D) ' Γ∞c (M,SM)

DΓ∞c (M,SM)
Sol(D∗) ' Γ∞c (M,S∗M)

D∗Γ∞c (M,S∗M)
.

Introducing the scalar products ( | )sm on Sol(D) and ( | )cm on Sol(D∗)

(
ψm | ψ̃m

)s
m

.
=

ˆ
Σ
Aψm(/ν ψ̃m) dΣ,

(
φm | φ̃m

)c
m

.
=

ˆ
Σ
φm(/ν A−1φ̃m) dΣ,

we obtain the Hilbert spaces

Hsm :=
(
Sol(D), ( | )sm

)
Hcm :=

(
Sol(D∗), ( | )cm

)
.

Quantum Field Theory

• Field algebraF : the unital ∗-algebra generated by the abstract elements 1F , Φ(ψm) and Ψ(φm),
together with the following relations:

(i) Φ(αψm + βψ̃m) = αΦ(ψm) + βΦ(ψ̃m),

(ii) Φ(ψm)∗ = Ψ(Aψm),

(iii)
{

Φ(ψm),Φ(ψ̃m)
}

= 0 =
{

Ψ(φm),Ψ(φ̃m)
}

and
{

Ψ(φm),Φ(ψm)
}

=
(
A−1φm | ψm

)s
m · 1F .

• Algebraic state ω: a complex valued, linear functional on F such that

ω(1F) = 1, ω(h∗h) ≥ 0 ∀h ∈ F .

Theorem: Every projector operator P on the Hilbert space Hsm defines a quasi-free algebraic state
on the field algebra F :

ω2
(
Ψ(φm)Φ(ψm)

)
=:
(
A−1φm |Pψm

)
s.

Microlocal Analysis and Hadamard States
We call space of symbols

Sλ :=
{
q ∈C∞(U ⊂ Rn × Rn) : |Dα

ξ q(x, ξ) | ≤ Cα,K ( 1 + | ξ | )λ−|α|

∀α ∈ Nn, ∀K ⊂ Rn compact and x ∈ K, ξ ∈ Rn, Cα,K ∈ R
}
.

An operator Q : C∞c (U)→ C∞(U) is called pseudo-differential of degree λ if can be written as

Qu(x) = (2π)−n
ˆ
Rn
eix·ξq(x, ξ)û(ξ) dξ, u ∈ C∞c (U),

where q(x, ξ) ∈ Sλ . We define the wavefront set for u ∈ D′(U):

WF(u) :=
⋂

Qu∈C∞(U)

{
(x, ξ) ∈ U × Rn \ 0 : q(x, ξ) = 0

}
.

If Ξ : V → U is a diffeomorphism, the pull-back distribution Ξ∗u ∈ D′(V ) fulfils:

WF(Ξ∗u) = Ξ∗WF(u) :=
{

(Ξ∗x,Ξ∗ξ) : (x, ξ) ∈WF(u)
}
.

We can extend therefore the definition of WF to distributions on the spinor bundle SM to be

WF(u) :=
⋃
i

WF(ui).

A (quasi-free) state ω satisfies the Hadamard condition if and only if

WF (ω2) =
{

(x, y, ξx, ξy) ∈ T ∗M⊗2 \ 0
∣∣ (x, ξx) ∼ (y,−ξy), ξx . 0

}
,

where (x, ξx) ∼ (y,−ξy) implies that x and y are connected by a null geodesic and−ξy is the parallel
transport of the co-parallel co-vector ξx; whereas ξx . 0 means that ξx is future-pointing.

The Fermionic Projector

We construct families of solutions Ψ := (ψm)m∈I⊂(0,∞) of the Dirac equation for a variable mass
parameter and we get the Hilbert space:

H :=
(

Γ∞sc,c(SM →M × I) , ( | ) :=

ˆ
I

( | )m dm
)
.

We call smearing operator :

p : H → Γ∞sc (SM), Ψ 7→ pΨ :=

ˆ
I
ψm dm

and strong mass oscillation property:

∣∣∣ 〈pΨ | pΨ̃
〉 ∣∣∣ ≤ c

ˆ
I
||ψm||m ||ψ̃m||m dm.

By the Riesz representation theorem, we get the fermionic signature operator Sm:

〈
pΨ | pΨ̃

〉
=
(

Ψ | S Ψ̃
)

:=

ˆ
I

(
ψm | Sm ψ̃m

)
m
dm.

Using the spectral calculus we realise the fermionic projector P as:

P := χ(Sm) ◦ E : Γ∞c (SM)→ Hsm.

Fermionic Projector in Minkowski spacetime

We restricted our attention to subsets of Minkowski spacetime and to the Dirac equation

(i/∂ + B −m)ψm = 0.

Theorem:
|B(t)

∣∣
C2 ≤

c

1 + |t|2+ε
, =⇒ strong mass oscillation property.

We decompose the fermionic signature operator Sm as

Sm = SD + ∆S , where SD := S+
+ + S−− and ∆S := S+

− + S−+ .

Theorem:
ˆ ∞
−∞
|B(t)|C0 dt <

√
2− 1 and

ˆ ∞
−∞
|∂ptB(t)|C0 dt <∞ ∀ p ∈ Nww�

χ(Sm) = χ(H) +
1

2πi

‰
∂B1

2
(±1)

(Sm − λ)−1 ∆S (SD − λ)−1 dλ.

Theorem:
The fermionic projector P satisfies the Hadamard condition.
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