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Dirac Fields

Kinematics and Dynamics

Let SM = SM[C* =, M] and S*M = S*M[(C*)*,x, M] be the spinor and cospinor bundles over a
spacetime (M, g). We introduce bundle isomorphisms on the kinematic configurations :

A TR(SM) = T®(S*M), o — Ab = ()

and a Lorentz invariant pairing ( | ): I'°(S* M) x '*°(SM) — R

(f | 4) = /Mf<w> dug

The dynamics is ruled by the Dirac operator on SM and its dual on S*M:

Dipyy, = (iyH'V ), — m)hy, = 0, D*¢m = (—i"'V — m)om = 0.

We call causal propagators E™*) : TS ML) — 129(S) )

Do p¥ =0=pE"o D<*>|F30(S(*)M)
supp(EY (1)) € JE(supp(f)),  Vf € T2(S™) M)

that characterise the dynamical configurations

TR(M, SM)

FCC<M S*M)
DI'(M,SM) ol(D’)

Sol(D) ~ DM, S*M)

Introducing the scalar products (| )’ on Sol(D) and ( | )|, on Sol(D*)

(v | 9), = [ A0 = (0| = [ om(p A ) a5

we obtain the Hilbert spaces

Hpn = (Sol(D), (|)7,) Hin = (Sol(D*), (] )7, )-

Quantum Field Theory

e Field algebra F : the unital x-algebra generated by the abstract elements 1z, ®(1,,,) and ¥ (¢, ),
together with the following relations:

(@) P(tm + Biom) = a® () + BO(1h).
(ii) P () * = W(Athm),
(i) {D(¢m), ()} = 0= {W(dm), U(em)} and {T(¢m), D(¥m)} = (A" pm | ¥m),, - 1.

e Algebraic state w: a complex valued, linear functional on /F such that

w(lr) =1, w(h*h) >0 VheF.

Theorem: Every projector operator PP on the Hilbert space H;, defines a quasi-free algebraic state
on the field algebra F:

WQ(QJ(Qbm)CD(wm)) —- (A_1¢m | Pwm)s

Microlocal Analysis and Hadamard States

We call space of symbols
5% = {q €U CR" xR : | DE ()| < Co i (1+ €)1

Va e N VK Cc R" compactand z € K, £ € R", Co K E]R}.

An operator () : C2°(U) — C°°(U) is called pseudo-differential of degree X if can be written as

u e CX(U),

n

Qu(x) = (2m) " / gz, €)€) de,

where ¢(z, &) € S . We define the wavefront set for u € D'(U):

WE(u):= () {(x,f) cU xR0 q(z,6) = o}.

QueC>(U)

If Z:V — U is a diffeomorphism, the pull-back distribution =*u € D’(V) fulfils:

WE(Z*u) = *WF(u) := {(:x =*¢) : (2, €) € WF(u)}.

We can extend therefore the definition of WF to distributions on the spinor bundle SM to be

A (quasi-free) state w satisfies the Hadamard condition if and only 1f

WF((,U2> — {(377%5%5@ S T*M®2 \ O | <x7€ZC> ~ (ya _€y>7 59390} )

where (z, ;) ~ (y, —&y) implies that = and y are connected by a null geodesic and —¢, is the parallel
transport of the co-parallel co-vector &,; whereas &, > 0 means that &, is future-pointing.

The Fermionic Projector

We construct families of solutions U := (¢y,),, ¢ [c(0,00) Of the Dirac equation for a variable mass
parameter and we get the Hilbert space:

H = (FSS,C(SM%MXI) | (]):—/](\)mdm).

We call smearing operator :

p: H —>Tg(SM), U = pW :—/wmdm
I

and strong mass oscillation property:

(ot 199} | <c [ il 19l

By the Riesz representation theorem, we get the fermionic signature operator S,;:

<qu | p\i> _ (qf | sfff) :_/[(wm | smiﬂm)mdm.

Using the spectral calculus we realise the fermionic projector P as:
P:=x(Sp)oE:T(SM)— H,;,.
Fermionic Projector in Minkowski spacetime

We restricted our attention to subsets of Minkowski spacetime and to the Dirac equation

(id + B — m)m, = 0.

Theorem:

C
Bt < , —
B(t)|c= < T+ |12

strong mass oscillation property.

We decompose the fermionic signature operator S,,, as

Sm=SY+AS,  where SP”.=ST4+S” and AS:=S"+S..

Theorem:

O

O
/ B#t)|codt < V2—1 and / OPB(t)|odt <00 VpeN

Hoo

X(Sm) = x(H) + — ;éB <jd)(sm —A)LAS (8P — ).
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Theorem:

The fermionic projector P satisfies the Hadamard condition.
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